Abstract. Using Iwasawa theory, we establish some numerical results, and one weak theoretical result, about the enigmatic Tate-Shafarevich group of an elliptic curve defined over the rational field, with complex multiplication. These strengthen results of this kind proven in an earlier paper of ours.
Introduction
Let E be an elliptic curve over Q . Put g E/Q = rank of E/Q, and
where v runs over all places of Q, with Q v the completion of Q at v. Although no algorithm has ever been proven to work infallibly, the group E(Q) is, in fact, easy to determine in practice. By contrast, X(E/Q) is extremely difficult to study either theoretically or numerically. The aim of the present paper is to strengthen the theoretical and numerical results of [1] , assuming E has complex multiplication.
For each prime p, let t E/Q,p denote the Z p -corank of the p-primary subgroup of 
for all p ≥ c(E, ) where E has good ordinary reduction.
Of course, this result is a far cry from the standard conjecture that t E/Q,p = 0 for every prime p. Our method of proof is similar to that given in [1], but we obtain the stronger result by employing an interesting observation of Katz [2] about the divisibility of the relevant L-values by primes where E has good supersingular reduction. Vol.78 (2010) However, we stress that Katz's work is used to obtain information about the Iwasawa theory at good ordinary primes p, and we have no idea at present how to prove a result like (1) for all sufficiently large primes p where E has good supersingular reduction. Secondly, we extend the numerical computations of
Then g E/Q = 3 and E(Q) modulo torsion is generated by the points (−9, 3), (−8, 12), (−1, 9).
The conjecture of Birch and Swinnerton-Dyer predicts that X(E/Q) = 0 for this curve, but of course this is unproven, and we do not know whether X(E/Q) is even finite.
Theorem 1.2. For the elliptic curve (2), we have X(E/Q)(p) = 0 for all primes p ≡ 1 mod 4 with p = 41 and p < 30, 000.
In fact, a different and more subtle technique than that used in [1] is required to carry out these computations, because this earlier method relies on calculating traces from the field of 328-division points on the curve (2). This field has the enormous degree 12,800 over Q(i) (the integer 328 occurs here because the conductor of the Grössencharacter of the curve is 328Z[i]), and we have been unable to find the minimal equation over Q(i) of the x-coordinate of a 328-division point. By some curious arguments in Galois theory (see Lemma 4.4 and (74)), we show that it suffices to work with a subfield of degree 6,400 over Q(i), and, with the help of MAGMA, we have succeeded in explicitly computing the minimal polynomial of a natural generator for this subfield over Q(i) (the x-coordinate of a 328/(1+i)-division point).
Moreover, using the same technique of calculation, we have also carried out computations on the five curves of rank 2 given by
extending the numerical results given in [1] for the curves E 1 and E 2 . In fact the conjecture of Birch and Swinnerton-Dyer predicts that X(E i /Q) = 0 for i = 1, · · · , 5. Although we do not enter into the details in this paper, C. Wuthrich and one of us (Z. Liang) have in fact successfully carried out the calculations of p-adic heights needed to verify that X(E i /Q)(p) = 0 in the four exceptional cases of Theorem 1.3, using Perrin-Riou's formula for the p-adic valuation of the leading
Theorem 1.3. For each of the curves E
i (i = 1, · · · , 5), X(E i /Q)(p) is
